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CHAPTER TWO 

Compactness and Tychnoff’s theorem 

2.1 Compactness 

 

In this section we talk about compactness of topological spaces. Then we show that closed 

subspaces of compact space is compact and continuous image of a compact space is 

compact. Then we define finite intersection property and theorems such as a topological 

space 𝑋 is compact if and only if every class of closed sets with finite intersection property 

(FIP) has non-empty intersection.  

Definition 2.1.1. Let 𝑋 be a topological space. A class {𝐺𝑖 } of open subsets of 𝑋 is said to 

be open cover of 𝑋 if each point in 𝑋 belongs to at least one 𝐺𝑖 , that is 𝑋 =  𝐺𝑖𝑖 . A 

compact space is a topological space in which every open cover has a finite sub-cover. A 

compact subspace of a topological space is a subspace which is compact as a topological 

space in its own right. 

Theorem 2.1.2.  A closed subspace of a compact space is compact. 

Proof. Let 𝑌 be a closed subspace of a compact space 𝑋 and let {𝐺𝑖 } be an open cover of 

𝑌. Each 𝐺𝑖  is being open in the relative topology on 𝑌. Therefore 𝐺𝑖 = 𝑌 ∩ 𝑂𝑖 , where 𝑂𝑖  

is open in 𝑋. Since 𝑌 is closed, therefore 𝑌𝑐  is open in 𝑋. So {𝑂𝑖 ,𝑌
𝑐  } is an open cover of 

𝑋, hence has a finite sub-cover {𝑂1,𝑂2,…,𝑂𝑛 } or {𝑂1,𝑂2,…,𝑂𝑛 ,𝑌𝑐 }. Then {𝐺𝑘 : 𝐺𝑘 = 𝑌 ∩

𝑂𝑘 : 1≤ 𝐾 ≤ 𝑛} is an open cover of 𝑌. Therefore every open cover of 𝑌 has a Finite sub-

cover.                                                                                                                                     ∎ 

Theorem 2.1.3. Any continuous image of compact space is compact. 
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Proof. Let 𝑓: 𝑋 → 𝑌 be a continuous mapping on a compact space 𝑋 into an arbitarary 

topological space 𝑌. We show that 𝑓(𝑋) is compact subspace of 𝑌. Let {𝐺𝑖 } be an open 

cover of 𝑓(𝑋). Then 𝐺𝑖 =  𝑓(𝑋) ∩ 𝑉𝑖 , where 𝑉𝑖  is an open set in 𝑌 for all 𝑖. Since 

𝑓: 𝑋 → 𝑌 is continous, therefore for all 𝑖 , 𝑓−1(𝑉𝑖) is an open set in 𝑋 and one can easily 

verify that 𝑋 =∪ 𝑓−1(𝑉𝑖). As we know 𝑓: 𝑋 → 𝑌 is continous and 𝑉𝑖  is an open set in 𝑌. 

So inverse image of open set is open. Therefore {𝑓−1(𝑉𝑖)} is an open cover of  𝑋, and by 

compactness of 𝑋 it has a finite subcover {𝑓−1 𝑉1 , 𝑓−2 𝑉2 , … , 𝑓−𝑛 𝑉𝑛 } . 

That is, 

𝑋 =  𝑓−1 𝑉𝑖 

𝑛

𝑖=1

 

                                                ⇒ 𝑓 𝑋 = 𝑓( 𝑓−1 𝑉𝑖 
𝑛
𝑖=1 ) 

                         =  𝑓(𝑓−1 𝑉𝑖 )

𝑛

𝑖=1

⊆  𝑉𝑖

𝑛

𝑖=1

, 

as required.                                                                                                                            ∎ 

Definition 2.1.4. Let (𝑋, Τ) be a topological space and 𝜸 be a collection of some subsets 

of 𝑋 then 𝜸 is said to have finite intersection property if each finite sub family of 𝜸 has non 

empty intersection. 

Theorem 2.1.5. A topological space 𝑋 is compact if and only if every class of closed sets 

with finite intersection property has non-empty intersection. 

Proof.  Suppose 𝑋 is a compact space and let 𝑬 be a family of closed subsets of  𝑋 with 

finite intersection property. We show that 
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 𝐹

𝐹𝜖𝐸

≠ ∅ 

For if possible  𝐹𝐹𝜖𝐸 = ∅.This gives , 

𝑋 =∪𝐹∈𝐸 𝐹𝑐  

Therefore the family of open sets 𝑽 = {𝐹 𝑐 : 𝐹 ∈ 𝑬} is an open cover of  𝑋. Since 𝑋 is 

compact, therefore there exist  𝐹1
𝑐  , 𝐹2

𝑐  , … , 𝐹𝑛
𝑐 ∈ 𝑽 such that 𝑋 =∪𝑖=1

𝑛 𝐹𝑖
𝑐 . This 

immediately gives that  ∩𝑖=1
𝑛 𝐹𝑖  = ∅ , 𝐹𝑖 ∈  𝑬 ,1≤ 𝑖 ≤ 𝑛 and therefore 𝑬 lacks the 

property of being FIP, a contradiction as required. 

Conversely, assume that any class of closed subsets of 𝑋  with FIP has non –empty 

intersection. We show that 𝑋 is compact. 

Let 𝑉={𝑉𝑖 : 𝑖 ∈ 𝐼} be an open cover of 𝑋 . Then 𝑋 =∪𝑖∈𝐼 𝑉𝑖   and therefore 

∩𝑖∈𝐼 𝑉𝑖
𝑐  = ∅. Thus the family of closed sets   𝑬 = {𝑉𝑖

𝑐 : 𝑉𝑖𝜖𝑉} does not have FIP 

.Therefore, there exist 𝑉1
𝑐 , 𝑉2

𝑐 , …… , 𝑉𝑛
𝑐  in  𝐸 such that  ∩𝑖=1

𝑛 𝑉𝑖
𝑐 = ∅ . This gives, 

 𝑋 =∪𝑖=1
𝑛 𝑉𝑖 , 𝑉𝑖 ∈ 𝑉, 1 ≤ 𝑖 ≤ 𝑛 

Thus, every cover of 𝑋 can be reduced to a finite sub-cover, as required and hence the 

theorem follows.                                                                                                                    ∎ 

Theorem 2.1.6. A topological space 𝑋 is compact if and only if every class of closed sets 

with empty intersection has a finite subclass with empty intersection. 

Proof. Follows from theorem 2.1.5.                                                                                       ∎ 

Theorem 2.1.7. Any basic open cover of 𝑋 can be reduced to a finite subcover if and only if 

any class of basic closed sets with FIP has non empty intersection. 
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Proof. It follows on similar lines as Theorem 2.1.5.                                                              ∎ 

Theorem 2.1.8. Any subbasic open cover of 𝑋 can be reduced to a finite subcover if and 

only if any calss of subbasic closed sets with FIP has non empty intersection. 

Proof. It follows on similar lines as Theorem 2.1.5.                                                              ∎ 

Theorem 2.1.9. A topological space 𝑋 is compact if and only if every basic cover of 𝑋 has a 

finite sub-cover. 

Proof. If 𝑋 is compact space then every open cover of 𝑋 can be reduced to a finite 

subcover. In particular every basic open cover of 𝑋 can be reduced to a finite subcover. 

Conversely assume that every basic open cover of X can be reduced to a finite subcover. 

We show that 𝑋 is a compact space. Let {𝐺𝑖 ∶ 𝑖 ∈ 𝐼} be any open cover of X and let 

{𝐵𝑖 ∶ 𝑖 ∈ 𝐽}  be an open base for 𝑋. Each 𝐺𝑖  is a union of basic open sets 𝐵𝑖  and set of all 

such 𝐵𝑖 ′𝑠 which exist for each 𝐺𝑖  is clearly a basic open cover of 𝑋 and by hypothesis this 

class of 𝐵𝑖 ′𝑠 has a finite subcover of 𝑋. We can select a set  𝐺𝑘𝑗
 in {𝐺𝑖 ∶ 𝑖 ∈ 𝐼} such that  

𝐵𝑘𝑗
⊆ 𝐺𝑘𝑗

 , 1≤ 𝑗 ≤ 𝑛. This gives  

𝑋 =  𝐵𝑘𝑗

𝑛

𝑗 =1

⊆  𝐺𝑘𝑗

𝑛

𝑗=1

 

                   ⇒  𝐺𝑘𝑗
= 𝑋

𝑛

𝑗=1

                                            

Hence 𝑋 is a compact space.                                                                                                ∎ 

Theorem 2.1.10. A topological space 𝑋 is compact if and only if every subbasic cover of 𝑋 

has a finite sub-cover. Or equivalently if every class of sub-basic closed sets with finite 

intersection property has non-empty intersection. 
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Proof. Suppose 𝑋 is a compact space, then every sub basic open cover of 𝑋 has a finite 

sub cover. 

Conversely assume that every sub basic open cover of 𝑋 has a finite sub cover. We show 

that 𝑋 is compact space. By Theorem 2.1.7 and Theorem 2.1.9, it is sufficient to show that 

any class of basic closed sets with finite intersection property has a non empty intersection. 

Let  {𝐵𝑖} be a class of all basic closed sets. Let {𝐵𝑗 } be a class of 𝐵𝑖 ′𝑠 with finite 

intersection property. We must show that  𝐵𝑗  𝑗 ≠  𝜙. We use Zorn’s lemma to show that 

{𝐵𝑗 } is contained in some class {𝐵𝑘} of 𝐵𝑖 ′𝑠 which is maximal with respect to having finite 

intersection property. The argument runs as follows: consider the family 𝜸 of all classes 

of 𝐵𝑖 ′𝑠 which contain 𝐵𝑗  and have finite intersection property. This is partially ordered set 

with respect to the class inclusion, i.e., if 𝒜 , ℬ ∈  𝜸, then we say  𝒜 ≤  ℬ if and only if 

𝒜 ⊆  ℬ . 

              Now let 𝐽 be any chain in 𝜸, then the union of all classes in 𝐽 is a class of  𝐵𝑖 ′𝑠 

which contains every member of the chain 𝐽 and has FIP. As we see from the fact that 

every finite class of it’s sets is contained in some member of the chain J and that member 

has FIP. Therefore every chain in 𝜸 has an upper bound, so Zorn’s lemma guarantees that 

the poset 𝜸 has a maximal element. This argument yields the existence of  {𝐵𝑘} with the 

property stated above. Since  {𝐵𝑗} ⊆  {𝐵𝑘}, therefore  𝐵𝑘𝑘 ⊆  𝐵𝑗𝑗 , therefore it will 

suffice to show that   𝐵𝑘𝑘 ≠  𝜙. Each 𝐵𝑘  is a finite union of sub basic closed sets, for 

example, 

𝐵𝑘 = 𝑆𝑘1
 𝑆𝑘2

 … 𝑆𝑘𝑛
 

We now show that at least one 𝑆𝑘𝑖
 belongs to {𝐵𝑘}. If not since 𝑆𝑘1

 is a sub basic closed 

set, it is also a basic closed set and since it is not in the class {𝐵𝑘}, therefore the class 

{𝐵𝑘, 𝑆𝑘1
}, is a class of 𝐵𝑖 ′𝑠 which properly contains  𝐵𝑘 . By maximality property of {𝐵𝑘}, 
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the class {𝐵𝑘, 𝑆𝑘1
} does not have FIP, so 𝑆𝑘1

 is disjoint from the intersection of any finite 

sub class of {𝐵𝑘}. If we do this for each sets 𝑆𝑘𝑖
, we see that  𝐵𝑘 = 𝑆𝑘1

 𝑆𝑘2
 … 𝑆𝑘𝑛

is 

disjoint from the intersection of any finite sub class of 𝐵𝑘 . This contradicts that {𝐵𝑘} has 

FIP. Therefore at least one 𝑆𝑘𝑖
 belongs to {𝐵𝑘}. Therefore we obtain such a set for each 

{𝐵𝑘}, the resulting class of subbasic closed sets will have FIP as it is contained in {𝐵𝑘} and 

therefore by hypothesis relating to sub basic closed sets, it will have non empty intersection 

and since this non empty intersection is subset of  𝐵𝑘𝑘 , it gives us that  𝐵𝑘𝑘 ≠

 𝜙. Hence the result.                                                                                                              ∎ 

Theorem 2.1.11. Every closed and bounded subspace of the real line ℝ is compact. 

Proof. A closed and bounded subspace of a real line ℝ is a closed subspace of some 

closed interval [𝑎, 𝑏]. Therefore by Theorem 2.1.2 it is sufficient to show that [𝑎, 𝑏] is 

compact. If 𝑎 = 𝑏, then there is nothing to prove. So we may assume that 𝑎 < 𝑏. Then the 

class of the intervals of the form [𝑎, 𝑑) and  𝑐, 𝑑  where 𝑐 and 𝑑 are real numbers, such 

that 𝑎 < 𝑐 < 𝑏, and 𝑎 < 𝑑 < 𝑏 is an open base subbase for [𝑎, 𝑏], therefore the class of 

all [𝑎, 𝑐]’𝑠 and all [𝑑, 𝑏]’𝑠 is a closed sub-base. Let 𝒮 ={[𝑎, 𝑐𝑖], [𝑑𝑗 , 𝑏]} be a class of 

sub-basic closed sets with finite intersection property. Then by theorem 2.1.8 and Theorem 

2.1.10, it is sufficient to show that intersection of all sets in 𝒮 is non-empty. If 𝒮 contains 

only the intervals of the type [𝑎, 𝑐𝑖] or only intervals of the type [𝑑𝑗 , 𝑏], then the 

intersection clearly contains 𝑎 or 𝑏. We assume that 𝒮 contains intervals of both types. We 

now define ‘𝑑’ by 𝑑 =  𝑠𝑢𝑝{𝑑𝑗 }. Suppose that 𝑐𝑖0
< 𝑑 for some 𝑖0. Then by definition of 

‘𝑑’,∃ 𝑑𝑗0
 such that  𝑐𝑖0

< 𝑑𝑗0
. Since [𝑎, 𝑐𝑖0

] ∩ [𝑑𝑗0
, 𝑏] = ∅, this contradicts the finite 

intersection property for 𝒮. Hence 𝑑 ≤ 𝑐𝑖  ∀ 𝑖. Therefore 𝑑𝑗  ≤  𝑑 ≤ 𝑐𝑖  ∀ 𝑖, 𝑗 and thus 

 𝐹 ≠𝑓∈𝒮 𝜙 as required.                                                                                                      ∎ 



Compactness and Tychnoff’s theorem 

28 
 

Theorem  2.1.12. Let 𝑋 be a non- empty set and let 𝑆 be arbitrary class of subsets of  𝑋 . 

Then the class of all unions of finite intersections of sets in 𝑆 is a topology on 𝑋. 

1) 𝑋, ∅ ∈ Τ, as 𝑋 is the intersection over empty class and ∅ the union over empty 

class. 

2) Let  𝑂𝛼 ∈ Τ, 𝛼 ∈ 𝐼. We show that  𝑂𝛼𝛼∈𝐼 ∈ Τ. Since 𝑂𝛼 =  𝑂𝛼𝑖𝑖∈𝐽  and 

𝑂𝛼𝑖
=  𝑆𝛼𝑖𝑗

𝑛
𝑗 =1 , 𝑆𝛼𝑖𝑗

∈ 𝑆. Therefore 

 𝑂𝛼

𝛼∈𝐼

=   𝑂𝛼𝑖

𝑖∈𝐽𝛼∈𝐼

 

                                                           =    𝑆𝛼𝑖𝑗

𝑛
𝑗 =1𝑖∈𝐽𝛼∈𝐼 ∈ Τ, 

as required. 

3) Let 𝑂1, 𝑂2 ∈ Τ. Then 𝑂1 =  𝑉𝛼𝛼∈𝐼 , 𝑂2 =  𝑉𝛽𝛽∈𝐽 , where 𝑉𝛼 =  𝑆𝛼𝑖

𝑛1
𝑖=1  and 

𝑉𝛽 =  𝑆𝛽𝑗

𝑛2
𝑗 =1 . Now one can easily verify that 𝑂1  𝑂2 is a union of finite 

intersection of members of 𝑆. Thus 𝑂1  𝑂2 ∈ Τ, as required. 

Thus 𝑇 is a topology on 𝑋 and is called the topology generated by 𝑆. 

The set 𝑆  defined above is called the sub-base for the topology 𝑇 and the sets in 𝑆 are 

called sub-basic open sets. If 𝐹 ⊆ 𝑋, such that  𝐹𝑐 ∈ 𝑆, then F is called the sub-basic 

closed set. Every topological space has a base and a sub-base .                                        ∎ 

Theorem 2.1.13. Let 𝑋 and 𝑌 be topological spaces and  𝑓: 𝑋 ⟶ 𝑌 .Then 𝑓 is continuous  

if and only if inverse image of basic open set is open if and only if inverse image of sub-

basic open set is open.  

Proof. Suppose 𝑓: 𝑋 ⟶ 𝑌 is continuous then inverse image of basic open sets is open as 

every basic open set is open set. 
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Conversely assume that inverse image of every basic open set is open. We show that 𝑓 is 

continuous. Let 𝑂 be any open set in 𝑌. Then 𝑂 =  𝑂𝛼𝛼∈Λ , where  𝑂𝛼 ′𝑠 are basic open 

sets. Now 𝑓−1 𝑂 = 𝑓−1  𝑂𝛼𝛼∈Λ  =  𝑓−1 𝑂𝛼 ,𝛼∈Λ  which is open, as 𝑓−1 𝑂𝛼  is 

open and union of open sets is open. 

            Now suppose inverse image of basic open set is open. Then inverse image of 

subbasic open sets is open, as every subbasic open is basic open sets. Conversely assume 

that inverse image of subbasic open sets is open. We show that inverse image of basic 

open set is open. Let 𝑂 be any basic open set. Then 𝑂 =  𝑂𝑖
𝑛
𝑖=1 , where 𝑂𝑖 ′𝑠 are 

subbasic open sets. Now 𝑓−1 𝑂 = 𝑓−1  𝑂𝑖
𝑛
𝑖=1  =  𝑓−1 𝑂𝑖 

𝑛
𝑖=1 , which is open, as 

𝑓−1 𝑂  is open and finite intersection of open sets is open.                                               ∎ 

Next, we prove very important theorem known as Tychnoff’s Theorem. 

Theorem 2.1.14. The product of topological spaces is compact under the product topology 

if and only if each topological space is compact. 

Proof. Let 𝑋𝑖  be given topological spaces. We show that 𝑋 =  𝑋𝑖  𝑖∈𝐼  is compact under 

product topology if and only if each 𝑋𝑖  is compact.    

Assume that 𝑋 =  𝑋𝑖  𝑖∈𝐼 is compact. Then for all 𝑖 ∈  𝐼 , 𝑃𝑖(𝑋)  = 𝑋𝑖  is compact space 

as each projection 𝑃𝑖  is continuous under product topology and continuous image of 

compact space is compact. 

Conversely assume that each 𝑋𝑖  is compact for all 𝑖 ∈ 𝐼. Let 𝑋 =  𝑋𝑖  𝑖∈𝐼 . We show that 

𝑋 is compact under product topology. By Theorem 2.1.10, it will suffice to show that any 

class of sub basic closed sets with FIP has non empty intersection. Let  𝐹𝑗   be a class of 

sub basic closed sets in 𝑋. Then, 

𝐹𝑗  =   𝐹𝑖𝑗 , 
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where each 𝐹𝑖𝑗  is closed set in 𝑋𝑖   and 𝐹𝑖𝑗 = 𝑋𝑖   for all 𝑖 ≠ 𝑗. 

We assume that the class  𝐹𝑗   has FIP. For given 𝑖 ∈  𝐼 , the class {𝐹𝑖𝑗 } of closed sets in 

𝑋𝑖   has FIP and therefore by compactness of 𝑋𝑖  , 

 𝐹𝑖𝑗𝑗   ≠   𝜑. 

Let 𝑥𝑖 ∈  𝐹𝑖𝑗𝑗  and define 𝑥 =  𝑥𝑖 𝑖∈𝐼 . Then 

                                                           𝑥 ∈  ∏( 𝐹𝑖𝑗𝑗 ) 

=  ∩∏(𝐹𝑖𝑗 ) 

                                                                =  ∩ 𝐹𝑗 . 

Hence 𝑋 is a compact space.                                                                                             ∎ 

 

                                                                                     

 

 

 

 

 

 


